Active vibration control (AVC) of human-induced vibrations in structures with proof-mass actuators has been subject to much research in recent years. This has predominantly focussed on footbridges and floors and there is some evidence that this research is paving the way for commercial installations of AVC where traditional vibration control measures are not appropriate. However, the design of an AVC system is a complex task because of the influence of actuator dynamics, the contributions from higher frequency modes of vibration and the effect of low and high pass filters that are required to make the control algorithm implementable. This puts the AVC design process beyond the abilities of the vast majority of civil design engineers, even at a scheming stage to approximate what sort of reductions could be achieved by such a system. This paper considers a generalised system and investigates what sort of performance can be achieved in theory by a perfect AVC system, then considers the added complexity of actuator dynamics to demonstrate how this degrades the performance from optimal.
INTRODUCTION
Much research has investigated the use of active vibration control (AVC) for human-induced vibrations in structures in recent years [1] [2] [3] [4] [5] . Many of these implementations have been based on direct velocity feedback (DVF) because this is a very simple and effective controller that can achieve significant reductions in structural response.
At its simplest, DVF provides a control force that is proportional to the structural velocity, thereby increasing damping over a broad range of frequencies. However, in practice in many civil engineering structures there is no fixed frame of reference against which an actuator could react; therefore inertial actuators are frequently used [4, 6] . These have their own dynamics that significantly change the closed loop system dynamics and introduce potential stability issues. In addition two key nonlinearities are introduced, namely force and stroke saturation, the latter of which being particularly restrictive in the design of a robust AVC system.
Further to this, both low and high pass filters are required to avoid implementation issues due to high frequency noise and the integration of low frequencies to convert the measured acceleration to velocity. The net result of all these factors is that there are limits to the potential performance improvements that can be achieved through AVC with a DVF controller [7, 8] . However, quantifying these limits requires fairly complex control design and analysis which although is not a problem for a control specialist, is generally far beyond the scope of most civil engineers. Therefore it is very difficult for civil engineers to come up with even approximate response reductions or actuator sizing when they encounter a structure that doesn't meet vibration serviceability limits. This paper investigates some of the issues surrounding implementing DVF on a real system and how this varies from an 'ideal' case. The ideal case of DVF is analysed for a single degree of freedom (SDOF) in Section 2. Then the effect that actuator dynamics and filters have is investigated in Section 3 and conclusions are drawn in Section 4.
The simplest starting point for this work is to consider ideal velocity feedback on a single degree of freedom (SDOF) system. The following work describes some important relationships between the feedback gain and change in damping and the corresponding reductions in response.
A simple schematic showing the key components of an AVC system are shown in Fig. 1 . This includes the open loop structure dynamics, G, the actuator dynamics, G a , and the controller dynamics, C. Generally, accelerometers are used to measure the structural vibration response therefore the output from the structure dynamics, G, is acceleration. The accelerometers can be chosen so that they provide a relatively flat frequency response within the bandwidth of interest and therefore these dynamics can be safely ignored for the purposes of this study.
Fig. 1 Simplified Schematic for Active Vibration Control
The equation of motion for an SDOF system is:
where m, c, k are the mass, damping and stiffness values, f E and f C are the excitation and control forces, and x,ẋ,ẍ are the displacement, velocity and acceleration of the SDOF system. Considering ideal DVF with negative feedback gain g:
this can be substituted into Eq. (1) to give:
It is often easier to discuss the system parameters in terms of damping ratio, ζ, and natural frequency, ω. Therefore, taking the definition of ζ = c 2mω , one can calculate the difference in damping ratio, ∆ζ, due to DVF:
and rearrange for the required gain:
This relationship therefore demonstrates what feedback gain is required to achieve a specific change in damping for a dynamic system with a given natural frequency and mass.
Following from this, the derived closed loop plant for this system is:
Similarly, the closed loop between the excitation force and the control force is given by:
Eq. (5) is demonstrated in Fig. 2 which shows three uncontrolled systems with damping ratios ζ = 1%, 6%, 11%. For this and subsequent plots, the mass and frequency of the first mode of vibration have been normalised and are set to 1kg and 1rad/s. There are also three controlled systems with ideal DVF and a feedback gain which corresponds to a change in damping, ∆ζ = 5% -i.e. giving systems with damping ratios ζ = 6%, 11%, 16%, as calculated from Eq. (5). As expected, the gains chosen result in FRFs of the controlled systems with net damping ratio equal to the damping ratio of the uncontrolled systems. The closed loop between the control force from DVF and the excitation force into the system is shown in Fig. 3 along with the reduction in FRF between open and closed loop cases. The control force per excitation force peaks at the frequency of the structural mode and rolls off to low values away from resonance. This is because, as seen in Eq. (7), for the case of ideal DVF with no actuator dynamics the magnitude of the control force per excitation force tracks the magnitude of the mobility FRF of the closed loop system.
Fig. 3 Control Force per Excitation Force and Structural Response Reduction
The phase of the control force per excitation force FRF shown has been shifted by 180
• to better show results around resonance; therefore a phase of 0
• on this plot means that the control force and excitation force are perfectly out of phase. This is observed at ω = 1, meaning that at structural resonance the DVF controller provides a control force that perfectly cancels the excitation force resulting in the maximum reduction in response; this reduction is equal to the ratio of control force to excitation force. Away from resonance the phase tracks the phase of the mobility FRF and shifts from 0
• , resulting in reduced effectiveness. This, combined with the drop in magnitude, results in the very sharp roll off of reductions away from resonance.
EFFECT OF ACTUATORS AND FILTERS
Up to this point, for the purposes of simplifying the analysis all actuator dynamics have been ignored and it has been assumed that any controller is perfectly implementable without the need for high or low pass filters. This is not the case in reality and the influence of these dynamics can significantly alter both performance and stability of the resultant controller. Their effect on the simple SDOF system is discussed below.
In order to make the ideal controller implementable, the actuator dynamics, G a , must be accounted for as well as any high and low pass filters, C HP , C LP . It is considered that the actuator dynamics are sufficiently well known to allow a compensator to be designed to modify the physical actuator dynamics. This is generally possible through either pole-zero cancellation [9] or an inner feedback loop on the actuator displacement [8] . The inclusion of an actuator compensator, G aC , allows any desired dynamics to be realised which is a very important design tool for AVC.
The net controller considered from this point is shown in Eq. (8):
It is well known that when inertial actuators are used, the actuator resonance must be at least half the natural frequency of the first mode to be controlled [8] . However, there are lower bounds on the feasible natural frequency because as the frequency decreases the displacement at that frequency increases for a given force demand (inversely proportional to frequency squared). In addition to this, the optimal damping ratio of the actuator is dependent on this ratio of actuator resonance to structural resonance: when the ratio is low a higher damping is preferable because this helps limit otherwise high displacements; when the ratio is high (close to 0.5) a lower damping ratio is preferable as this avoids phase distortion around the structural frequency to be controlled.
In this paper, the damping ratio is chosen to vary linearly between 70% and 30% for actuator frequency ratios of 0.25 and 0.5 with a maximum value of 70% for very low frequency ratios. A high pass filter is required to avoid numerical issues associated with integration of acceleration signals to velocity. In this work, this is set as a second order Butterworth filter with a cut-off frequency of 0.7 × ω A . A low pass filter is also required to avoid spillover issues because the broadband controller would otherwise work to control all high frequency accelerations, even when these are noise on the signal line. In this work this is set as a second order Butterworth filter with a cut-off frequency of 3 × ω 1 .
The combined effect of introducing actuator dynamics and filters into the feedback loop modifies both the magnitude and phase of the controller at different frequencies. To allow for a more direct comparison between different systems the gain of the following systems have been modified so that they all result in the desired gain at ω = 1, namely that required to achieve All systems have approximately the same closed loop structural response at ω = 1; at this frequency the only difference between the feedback controllers is any phase change because they were gain normalised to match at this frequency. This shows that the phase change at this frequency is relatively small so as to result in insignificant changes. There is a general trend that as the natural frequency of the actuator increases, the peak of the closed loop system increases in magnitude slightly and lowers in frequency. However, more insights can be drawn when considering the closed loop system between control force and excitation force, as described by Eq. (7) and shown in Fig. 5 . This plot clearly demonstrates the effect of varying actuator natural frequency on the frequency at which the phase crosses 180
• , and how in the ideal DVF case this situation never arises. The magnitude of the control force per excitation force increases for frequencies just below 1, being exaggerated as the actuator frequency increases, but this does not equate with improved performance. In fact, the opposite is true because of the phase distortion away from 0
• . The effect that this has on the stability of the closed loop systems is shown in Fig. 6 . Here the gain and phase margins are shown for the system with ω A = 0.5. The system becomes unstable when the phase crosses 180
• and the magnitude is greater than 1; the gain and phase margins describe how much change in magnitude and phase of the controller can be tolerated before the system becomes unstable.
The key difference between the systems shown here is the frequency at which the phase crosses 180
• which in turn determines the gain margin. The magnitude plots for all systems are very similar and have a steep roll off around resonance. However this means that the gain margin is very sensitive to the changing frequency at which a 180
• cross-over occurs.
Following from this, it is important to investigate the resultant actuator dynamics. The displacements are related to the actuator force by:
where m A is the actuator mass and s = jω. at this frequency is given by:
Away from structural resonance the relationship is more complicated and this is presented in Fig. 7 , defined by Eq. (12). A set of feedback gain choices are shown to demonstrate the evolution with increasing gain.
where G d is the actuator voltage:displacement relationship G d = Ga m·s 2 . In general there are higher displacements at lower frequencies than structural resonance (albeit a small difference in the case of low gain with ω A = 0.25). As the actuator frequency increases, so too does the displacement at frequencies less than ω = 1, such that for ω A = 0.5 the peak displacement is 2.94 compared with 0.96 at ω = 1 for ∆ζ 1 = 20%. This has profound implications for sizing the required mass of any actuator that has to generate the required inertial forces. This is especially so when the natural frequency of the actuator is low. The previous plots have shown that the system with ω A = 0.25 has performed the best out of these three systems which makes sense because its gain and phase distortions around resonance are the smallest. However, Fig. 7 shows that this comes at a cost of increased displacement at low frequencies. To pick an extreme case, the displacements at ω = 0.25 for systems with ω A = 0.25 and ω A = 0.5 are 1.15 and 0.19 respectively for ∆ζ 1 = 20%. Given that in the control of human-induced vibrations in structures it is often (though not always) the second or third harmonics of the force that are close to structural frequencies and that these typically have much smaller magnitudes than the first harmonic, the fact that a controller has significant displacements at low frequencies can be a real issue.
The previous plots were generated for a nominal SDOF system with frequency 1 rad/s, mass 1kg and damping 1%. The mass and frequency of the SDOF system essentially provide scaling which can easily be accounted for. The level of damping inherent in the structure has a more complex interaction with the performance of DVF. The effect that differing open loop damping has on the stability and displacement of the actuators is shown in Fig. 8 .
The range of ζ 1 shown in Fig. 8 varies from 0.2% (possible very low damping associated with, for example, steel footbridges) to 5% (higher level of damping found in fully-fitted out floors) to encompass a range of typical damping values found in scenarios involving human-induced vibrations that could require AVC. The peak displacements are not significantly affected by ζ 1 , especially for higher values of ∆ζ 1 where the actuator resonance is crucial. The effect of increasing ζ 1 is beneficial for a given ∆ζ 1 as the actuator displacements due to structural resonance are decreased. Similarly, the stability of the systems are not significantly affected -the difference in gain margin is predominantly due to the slight change in crossover frequency because of the differing phase roll-offs with ζ 1 . This change is relatively small, as shown in the example case of ω A = 0.375, ζ A = 0.5 of Fig. 8 .
CONCLUSIONS
This paper has investigated an ideal implementation of DVF applied to an SDOF system. The magnitude and phase of the control force per excitation force was investigated for the 'ideal' case and shown to peak in magnitude and have perfectly cancelling phase at the structural resonant frequency. Either side of resonance the magnitude drops off and the phase shifts from 0
• ; the compound effect of these is that the reductions achieved drop off at a very fast rate, which is why DVF is very good for targeting structural resonances but performs poorly away from resonance.
The additional complexity of actuator dynamics and filters was shown to introduce a phase crossing at 180
• and the phase distortions resulted in decreased performance, especially at lower frequencies. The actuator displacements for a series of DVF systems were presented and it was shown that for most systems the peak displacement per excitation force was at lower frequencies than resonance. This has significant implications for the sizing of actuators for a particular application based on a preliminary analysis of controller force demands.
